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ABSTRACT. Let M be an n-dimensional, compact, closed, C® manifold, and
»: M — BO be the map classifying its stable normal bundle. Let S C
H*(BO; Z,) be a set of characteristic classes and let g, k, be fixed nonnega-
tive integers. We define I7(S, k) = {x € HY(B): v*(x):y =0 for all
y € H¥(M; Z,) and for all n-dimensional, C* closed compact manifolds
M, which have the propery that »*(S) = {0}}.

In this paper we compute I,7(S, k), where all classes of S have dimension
greater than n/2. We examine also the case of BSO and BU manifolds.

0. Introduction. It is well known that certain characteristic classes are zero
on the normal bundles of all C* manifolds of a given dimension, although
they are not zero for all bundles. The basic reference is the work of E. H.
Brown and F. P. Peterson (see [2], [3], [4]). In this paper we are going to study
some aspects of this phenomenon.

First of all let us settle the terminology. Throughout this paper, unless
otherwise stated, B will be the classifying space for some bundle theory, i.e.
BO, BSO, B Spin, etc., y will be its universal bundle and p is a prime number
such that y is orientable and oriented in Z, coefficients, namely a Thom class
U € H™(T(y); Z,) is given. Let S C H*(B; Z,) be a set of characteristic
classes in our theory. From now on unless otherwise stated all cohomology
groups will have coefficient group Z,.

DEerINITION 0.1. A B-S manifold of dimension # is a couple (M, ») where
M is an n-dimensional, compact, closed, connected, C*® manifold and »:
M — B is a map such that the pull-back of y under », »*(y), is isomorphic
with the stable normal bundle of M, and furthermore »*(S) = {0}. A B-@
manifold will be called simply a B manifold.

DErINITION 0.2. We define I7(B, S, p, k) = {x € HY(B): v*(x)-y = 0 for
ally € H*(M) and for all n-dimensional B-S manifolds (M, »)}, where g, k
are nonnegative integers such that g + k < n. We call I(B, S, p, k) the set
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of relations among g dimensional mod-p characteristic classes, in n-dimen-
sional B-S manifolds.

From now on throughout this paper, g, n, k will be fixed nonnegative
integers such that ¢ + k < n. The set I7(B, @, p, 0) is Brown-Peterson’s
I9(B,p) (see [2, p. 39]). In this paper we are going to study the set
I} (B, S, p, k) (actually it is a Z, space). Specifically, we are interested in
studying the following two questions:

(a) compare I7(B, S, p, k) and I7/(B, O, p, k),

(b) compare I7(B, 9, p, k) and I7(B, 3, p, 0).

In order to be able to express our result in a more conceptual way, we find
it convenient to introduce an algebraic analogue of 17(B, S, p, k). In doing so
we follow some ideas of J. F. Adams (see [1]) and Brown-Peterson (see [4]).
But in order to do that we need some preparation.

DEfFINITION 0.3. We call H an n-dimensional Poincaré algebra if H is a
graded algebra with unit which is associative and commutative (in the graded
sense) and furthermore H is a left module over 4 (the mod-p Steenrod
algebra) in the graded sense, which satisfies the following conditions:

(a) The action of 4 satisfies the Cartan formula, namely if y: 4 >4 ® 4
is the well-known diagonal in the Steenrod algebra (see [8, p. 150]) and
Y(a) = Za’ ® a” and x,y € H then

a(oy) =Xt (—1)desx-desayy - o'y,

(b) The action of A4 is unstable, namely if p = 2 then Sq’x = 0if i > dim x,
and Sq{x) = x? if i = dim x, and if p 2 then Px = 0 if 2i > dim x and
Pix = xP if 2i = dim x.

(©H'=0fori<Oori>n.

(d) An element my € (H")* = Hom(H", Z,) is given (it is part of the
structure of a Poincaré algebra) so that the bilinear map H' X H"™ — z,
defined by (x,y) » my(x-y) for x € H, y € H* ', for all 0 < i < n, is
nonsingular.

It is clear that the concept of Poincaré algebra is the abstraction of the
algebraic properties of the Z, cohomology of an orientable manifold.

Following Brown-Peterson we introduce a right A action on H*(B), using
the bundle y as follows: let U € H*(T(y)) be the Thom class of y (y was
assumed Z,-oriented), then if a € 4, x € H*(B) x-a if defined by the
equality
0.4) xa- U = x(a)(xU)
where x is the well-known canonical antithomomorphism of 4 (see [8, p. 166]).
This right action of 4 on H*(B) just makes H*(B) a right module over 4, it
does not have any particular properties like the Cartan formula or something
like that. In exactly the same way we can define a right action on the Z,
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cohomology of any Z,-oriented C® manifold by using its stable normal
bundle. In connection with that, J. F. Adams observed (see [1, p. 742]) that a
right 4 action on the Z, cohomology of a differentiable Z,-oriented manifold
can be defined from the algebra structure without any reference -to the
normal bundle.

Specifically if H is an n-dimensional Poincaré algebra and x € H', a € 4;
then x - a € H'*/ is defined by the property that

0.5) my(xa-y) = my(x-ay) forally € H" '/,

In the case that H is the Z, cohomology of a Z,-oriented manifold, it can
be proved that the right A4 action introduced by (0.5) is the same with the
action defined by (0.4) via the stable normal bundle of the manifold (for a
proof of that see [2, p. 46, Corollary 6.3)), so if (M, ») is a B manifold, then
v*: H*(B) - H*(M) is a map of algebras and A4 left-right modules.

From now on throughout this paper all Poincaré algebras will be
considered as right A modules, with the action defined via (0.5), and the Z,
cohomology of all spaces with a distinguished bundle Z,-oriented, will be
considered a right A module with the action defined via (0.4).

DErINITION 0.6. An n-dimensional B-S Poincaré algebra, is a couple
(H, v), where H is an n-dimensional Poincaré algebra and »: H*(B) > Hisa
map of a graded algebras and right-left modules over A4, such that »(S) =
{0}. A B-@ Poincaré algebra will be called simply a B Poincaré algebra.

We define alg I(B, S, p, k) = {x € HY(B): v(x)-y =0 for all y € H*
and for all n-dimensional B-S Poincaré algebras (H, »)}.

Obviously if (M, ») is a B-S manifold then (H*(M), »*) is a B-S Poincaré
algebra.

If Y C H*(B) then [Y] will be the smallest subset of H*(B) which
contains Y, it is an ideal of H*(B) and it is closed under the left action of 4.
It can be proved easily from (0.4) that [Y] is closed under the right action of
A. Let us call iy, the inclusion Y — H*(B).

From the Eilenberg-Mac Lane space K(Z,)) let ¢; be its fundamental
class, for j > 0. We agree that K(Z,,0) = *+ and ¢, =1€ H). Let X =
K(Z,, k) X K(Z,,n — k — q) and let I: H*(B) - H*(B) ® ,H*(X) be the
map defined by the formula /(x) = x ® 4¢; ® ¢,_ . Observe that / in-
creases degree by (n — ¢).

Now we are ready to state our main results.

THEOREM 0.7. (a) alg I7(B, S, p, k) consists of those elements x € HY(B)
such that l(x) € image(ijs) ® 4 I) (I is the identity on H*(X)).

(b) Let d be the minimum dimension of elements of S, and suppose that
d>n/2.Ifp=2andd+ n+1>2qorifp#2andd + n > 2q, then:

I{ (B, S,p,0) = I (B, @, p, 0) +[S].
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THEOREM 0.8. We assume that d > n/2. Then if p = 2 and B = BO or BU,
orifp # 2 and B = BSO or BU we have:

(@) L}(B, S, p, k) = alg I3 (B, S, p, k),

(®) I3 (B, 9, p, k) = I (B, D, p, 0).

The organization of the paper is as follows. In §1 we outline a general
technique for studying these problems and we prove Theorem 0.7. In §2 we
prove Theorem 0.8 for B = BO and in §3 we prove Theorem 0.8 for the case
B = BSO or BU. In a future paper we plan to examine the case p = 2,
B = BSO.

The basic ideas of this paper are due to E. Brown and F. Peterson. I am
indebted to both of them for many illuminating discussions.

1. General considerations and outlines of the general technique. Following
Brown-Peterson, let 2,(Y, B) = #,,,,(T(y) A Y*) be the B-bordism group
of a space Y and let £;(Y, B) = Hom(2,(Y, B); Z,) be its dual. Y is a CW
complex with a finite number of cells in it its dimension, Y * = YU {*}, and
m is the dimension of the bundle y, we can assume that m > 4n. As in [2, pp.
41-42] there is a natural map 0: [H*(B) ® , H*(X)]" - Q*(X; B). From now
on, we assume that the elements of S are linearly independent over Z,, clearly
Theorems 0.7, 0.8 will not be affected. Next we define a map
(1.1) B ][ K(Z, dims)

SES

so that the pull-back of the fundamental class of K(Z,,dim s) is s € H*(B).
Then the standard way we consider the fibration of paths over
II,csK(Z,, dim s) and we pull it back over B, so we get a fibration «:
B’ — B with fibre II,c K (Z,, dim s — 1). Let y’ = #*(y) be the pull-back of
vy over B’. Then we can define the B’-bordism groups as ,(Y, B") =
Toem(T(¥) A Y ™), and the relative (B, B')-bordism groups as 2,(Y, B, B')
=7 (TOY)/TE)NA YY) (for details see [12, p. 25]). We can make
H*(B’), H*(B, B’) right A modules in exactly the same way as in (0.4), and
we can define maps

6': [H*(B") ® , H*(X)] - Q2(X; B'),
9": [H*(B, B') ® . H*(X)] > Q2(X; B, B")
which are defined in an analogous way as §. We can consider B’ as a subset
of B by making the map 7 an inclusion by homotopy, so the symbol

T(y)/T(Y) makes sense. Also we define a map /': H*(B')— H*(B’)
® , H*(X) in an analogous way as [ was defined:

I'(x)=x®,4¢®c,_g_gq

Let I be the identity map on H*(X) and i: B — (B, B’) be the inclusion
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then the following diagram is obviously commutative:

(%8, 8)®, H*X)]" 5 ai(x;B B)
li*®, 1 %)
12  HY((B) 5 [HNB)SHX)] S5 X B)
ym* Im* ®, 1 9% ()

I 0’

HI(B) 5 [HYB)®,H*X)] > 23X 8)
Clearly (i), Q(w) are the maps induced by i, 7 respectively at the bordism
level and Q*(i), Q*(7) their dual. From now on we will refer to the above
diagram as diagram (1.2).
The next lemma reduces the computation of I7(B, S, p, k) to a homotopy
problem.

LemMA 1.3. I7(B, S, p, k) = Ker(Q*(n)- 6 - ).

PRrOOF. The same as Lemma 2.2 of [2], p. 41.

Next we compute alg I7(B, S, p, k).

PrOOF OF THEOREM 0.7 (a). Let (H, ») be an n-dimensional B-S Poincaré
algebra (see Definition 0.3). Let x € H?(B) such that /(x) € im(ij5; ® 4 I),
we will prove that »(x) = 0. By Poincaré duality it is enough to prove that
my(¥(x)-y-z) =0 for all y € H* and all z € H""*~9. Really, there is a
map f: H*(X)— H such that f(c,) = y, f(¢,—x-,) = 2, and f is a map of
graded algebras and left A modules. This follows easily from the structure of
H*(X) (see [6, p. 707]). So we get a map

v®,f H*(B)®, H*(X)> H
defined by » ® , f(a ® b) = v(a)- f(b) for a € H*(B), b € H*(X). Since
v(S) = {0} clearly »([S]) = {0} and so
»®,f) (is1®,1)=0.
On the other hand (v ® 4 f)(/(x)) = v»(x)-y -z and because /(x) € im(ijs,
® , I), it follows from the previous remark that »(x)-y-z = 0. So »(x) =0
and that ends the first half of the proof.

Next we will prove the converse. Let x € H?(B) such that /(x) £ im(is,
® , I). Then we are going to construct an n-dimensional Poincaré algebra H
and a map »: H*(B) —» H of algebras and left-right 4 modules such that
»(S) = {0} and »(x) # 0.

Let R: H*(B) ® H*(X) » H*(B) ® , H*(X) be the natural quotient map.
H*(B) ® H*(X) which is an algebra and a left module over 4, can be given
a right A module structure as follows: Let {, x be the diagonal map and the
canonical antihomomorphism of 4 (see [8, p. 150, p. 166]), let x € H*(B),
Yy €E H*(X),a € A and y(a) = Za’ ® a”, then we define
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14 (x ®y)a =X (xa’) ® (x(a")y).

It can be proved that this formula is valid for all x, y € H*(B) ® H*(X) (see
[2, p. 46, Lemma 6.1 and p. 48, Lemma 7.1]). Let F = (H*(B) ® H*(X ))A—,
where A4 is the set of elements of positive degree. We first note that F C
kernel(R). The reason is the following:

R((x ®y)a) = R(Z (xa) ® x(a")y) = 2 (xa") ® 1x(a")y

=>xQ®,a'x(a")y =0,

for x € H*(B),y € H*(X),a € A, Y(a) = Za’ ® a”, because Za'x(a") =0
(see [8, p. 166]).

Next let us suppose that x € H?(B) and /(x) & im(ij5; ® 4 I), this implies
that R(x ® 1) # 0. Let U= H*B)® H*(X) and let z = U™ =
Hom(U", Z,) be such that z(kernel R) = {0}, z(/(x)) # 0 and z - (ig ®,1I)
= 0.

LetJ = {y € U: z(y- U""") = {0}, i > 0}, J is clearly an ideal of U. We
show that if y € J then x(a)y € J by induction on degree of a. For a € 4,
this is true by assumption. Let dima = i, dimy = j and let u € U7/, As
noted above (see (1.4)), u- x(a)y = (u-y)a — Z(u-a’)- x(a”)y where Y(a)
=1®a+ 2a’'®a”, and dim @” < i. Hence by the inductive assumption
and the fact that z(F) = {0}, we have z(u- x(a)y) = 0, so x(a)y € J and so
J is a left A-module. Let H = U/J and let r: U — H be the projection. Let v:
H*(B) - H be the map defined by »(y) = r(y ® 1) and let my; € (H")* be
defined by myr = z. Then H is an unstable left algebra over 4, because J is
an ideal closed under the left action of A. H satisfies Poincaré duality by
construction, and H' =0 for i <0 or i > n. Obviously »(S) = {0} and
»(x) # 0, so it remains to prove that » is a map of right 4 modules. But this
means that

my (v(ya) - r(u)) = my (v(»)- ar(u))
for ally € H*(B), a € A, u € U. But this reduces to z((y ® )a-u) = z((y
® 1) au) which is true since z(Ker R) = {0}. This concludes the proof of
Theorem 0.7(a).

Next we turn our attention to the proof of Theorem 0.7(b), but first we
need some preparation. Basically we need some results of W. Browder about
the homotopy type of T'(v)/T(Y') (see [5]). Let m be the dimension of the
bundle y, we assume m > 4n, and d be the smallest dimension of elements of
S. Let v; € H'(B) be the class defined by the relation v,U = x(P)U, i > 0,
v; will be called the ith Wu class of y. The main technical result that we need
for Theorem 0.7(b) is the following.

PROPOSITION 1.5. If no Wu class of v is a linear combination of elements of
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S, thereisamap r: T(Y)/ T(Y') > IIK(Z,, *), from the space T(y)/T(Y') to
a product of K(Z,, *)'s which is an isomorphism in Z, cohomology up to
dimension m + 2d.

The above Proposition is a slight variation of a result of W. Browder (see
[5, Theorem 6.1, Theorem 6.2]), we postpone its proof until the end of this
section.

PrOOF OF THEOREM 0.7(b). In a manifold M” the Wu classes of the normal
bundle, of dimension greater than n/2 are zero (see [S, Proposition 2.3]), so
we lose nothing by assuming that no Wu class is a linear combination of
elements of S.

By the previous proposition the group Q,(X; B, B") = 7,,,.(T(v)/T(Y’)
A X*) is a direct sum of Z,’s, and since n + m < 2d + m the map §":
[H*(B, B") ® , H*(X)I" - QX(X; B, B’) is an isomorphism (see [2, Lemma
3.2], the basic ingredient in the proof is that T(y)/T(y’) is a product of
K(Z,, *)’s in the appropriate range of dimensions). On the other hand since
the sequence 2,(X; B)-Q,(X; B)-Q,(X; B, B’) is exact, taking
Hom( , Z,) we get an exact sequence (3(X; B, B') —» QX(X; B)-> QXX B').
So taking into consideration Lemma 1.3, and the commutative diagram (1.2),
we have: x € I7(B, S, p, 0) means that Q*(7)(6(/(x))) = 0, or that §/(x) €
im Q*(i), or that 8/(x) € im(8” - Q*(i)) = im @ - (i* ® ,I), which means that
there is an element y € im(i* ® ,I) such that §(y — /(x)) = 0. But by an
easy spectral sequence argument on the fibration #: B’ — B we can prove
that image(i*) = [S], and so im(i* ® 1) is generated additively by elements
of the form a ® b, where a € [S], b € H*(X). Notice that since we are
examining the situation where k = 0, X = K(Z,, n — q). But thendima > d
and dima + dim b = n so dim b < n — d, and because of our dimensional
assumptions in the statement of Theorem 0.7(b) we have dim b < 2(n — g) if
p is odd, and dim b < 2(n — ¢g) + 1 when p = 2, which means (see [6, p.
707]) that b = tc,_,, for t € A and s0 a ® 4b = at ® 4¢,_, = [(ar). So the
relation 8 (y — /(x)) = 0 because 8/ (at — x) = 0 which means thatat — x €
I7(B, @, p, 0) and since d € [S], x € I/(B, D, p, 0) + [S], which ends the
proof.

We conclude this section with the proof of Proposition 1.5.

PROOF OF PrOPOSITION 1.5. From now on in this paper, whenever x is a
cohomology class |x| will be its dimension. Let Z = Il ¢ sK(Z,, |s]), then W.
Browder proved (see [5,Theorem 6.1]) that there is a map h: T(y)/T(Y)—
T(y) A Z which is an isomorphism in Z, cohomology up to dimension
m+2d — 1, and in dimension m + 2d the kernel is generated by the
elements (clzs' + ¢, - $)U, where s ranges over all s € S with |s| = d. Recall
that m is the dimension of the bundle y, U € H™(T (y)) its Thom class, and
¢}t is the fundamental class of K(Z,, |s]).
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To simplify the exposition we assume that p = 2. The case where p is odd is
proved similarly (it is even simpler). Let S’ be a Z, basis of H*(T(y)) which
contains {(v; + s)U} where s € S and |s| = d, this is possible since no linear
combination of elements of S contains a Wu class. We call S, the subset of §
which consists of classes of dimension d. Let Y = II1K(Z,, |s| + |s’|) where II
ranges over all couples (s,s") € § X §’, Y’ =IIK(Z,, |s| + |s|) where II
ranges over all couples (s, s) € § X §' — S, X S’, and finally letg: Y —» Y’
the obvious projection. According to W. Browder (see [5, Theorem 6.2']).
there is a map #: T(y) A\ Z — Y such that t*(c, ) = 5’ @ ¢, which is an
isomorphism in Z, cohomology up to dimension m + 2d. Next let us consider
the elements in the kernel of A}, ,,,

(C|2:| + CM' S)U = Sqlslclﬂ'l' CM -5 U

Is}
= ¢y x(Sq*)U + 21 Sq(ci* x(SA=)U) + ¢y s+ U

Js|
= (Ud + S)U ® C|,'+ 2] Sq’(cm . x(Sq""') U)

(see [10, Lemma 1]). This computation shows that the map gth: T(y)/T(Y")
— Y’ is an isomorphism in Z, cohomology up to dimension m + 2d — 1, and
there is no kernel in dimension m + 2d. So T(y)/T(y’) is a product of
K(Z,, *)’s up to dimension m + 2d.

2. BO. In this section we will prove Theorem 0.8 for the case B = BO, but
first we need a technical lemma.

LEMMA 2.1. Let a € A then ac,_, = 0 if and only if a(c, ® ¢,_4_,) = 0.

Proor. For simplicity we will prove the lemma for the case p = 2. The
same proof with slight notational modifications is valid for any prime p.
Actually we are going to use this result for the case where p is an odd prime,
in the next section. '

Before proceeding with the proof of our lemma let us replace the notation
with a more convenient one. We consider the Eilenberg-Mac Lane spaces
K(Z,, m), K(Z,, n) and let a, b be their fundamental classes respectively. For
this proof only m, n are nonnegative integers, and they do not have the
meaning that they had in the rest of this paper. A sequence I =
(iys i3 « « + » §) is called admissible if i}, i,, ..., §; are nonnegative integers
and i > 2ip, iy P 2i3 ..., 0_ ? 2i,. For an admissible sequence I =
(i ... » i) we define the excess e(J) =iy —iy—i3— -+ — i. So our
lemma comes down to prove that the set of elements {Sq’(a X b)}, where I
ranges over all admissible sequences I such that e(I) < m + n is linearly
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independent (see [6, p. 707]). We define Sq’ = Sq"Sq" - - - Sq* and d(I) = i,
Fiygt o+

~ The proof will go by an induction on #, the inductive step can be proved by
using the commutative diagram

K(Zy,m)X K(Z,,n+1) - K(Zyn+m+1)
2 l
K(Zy,m) X K(Zy,n) X K(Z5,1) - K(Zyn+ m)X K(Z,1)
where the maps are defined in the obvious way.

So we assume that n = 1. First we observe that if I is an admissible
sequence

2.2) Sq’(a x b) =Sqla x b + D,Sq"a X Sq I"b

where d(I') < d(I).

Now let us suppose that e(I) = m + 1, for an admissible sequence I, this
means that I = (Q""%, 27%,..., 2,4, iy, ...,i) where i > 2i,,, and
h=igt i+ +i+(m+1).Letd = (ijpy,...,0)clearlye(J) <
m+ 1 and Sq/(a X b) = 8¢’ (a X b))* = (S¢’a)® x b* + 3(Sq'a)? x
(Sq'”b)* where d(I") < d(J).

On the other hand if e(J) < m + 1 we have Sq’(a X b) = Sqla X b +
2Sq’'a X Sq’"b where d(I') < d(I).

But the set of elements (Sq’a X by for I > 0 e(IJ) < m + 1 are linearly
independent, and so the set of elements Sq’(a X b) for e(I) < m + 1 are
linearly independent.

PrOOF OF THEOREM 0.8, FOR B = BO. (a) In the case when B = BO, the
map @ is an isomorphism (see [2, p. 42, Lemma 3.2]), so from the diagram
(1.2) and Lemma 1.3 we have that x € I?(BO, S, 2, k) means 6l(x) €
im(Q* (7)), but since §” is an isomorphism we get that

I(x) € image(i* ® ,I) = im(i*5] ® ,I)

which by Theorem 0.7(a) means that x € alg I7(BO, S, 2, k).

(b) It is known that H*(BO) is a free right module over 4 (see [2, p. 42)),
let (x;) be a basis over 4, and let x € Zx,a;, a; € A4, then x € I7(BO, 3,2, k)
if and only if g;(c, ® ¢,_x_,) =0 and x € [J(B0O,D,2,0) if and only if
a;¢,_, = 0, which, according to the previous lemma, means the same thing

3. BSO and BU. Throughout this section B will be BSO or BU, and p will
be an odd prime whenever B = BSO. We are going to prove Theorem 0.8 for
the case B = BSO or BU. Basically we exploit the technique of [3]. The main
goal of this section is to prove that  restricted over a certain subset of
H*(B) ® ;H*(X) is a monomorphism (see Theorem 3.10 below), this will be
accomplished by constructing a sufficient number of elements of 2,(X; B).
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We start by quoting a few well-known results about the Steenrod algebra
A. When p =2 we denote Sq* by P’ and Sq' by 8. Let A’ C A be the
submodule generated by all P/ where I is an admissible sequence (see §2,
Lemma 2.1). In case p is odd A’ is a subalgebra, and in general A’ is naturally
isomorphic to 4 mod the two sided ideal (8) generated by the Bochstein 8.

DEFINITION 3.1. A sequence R = (r, 75, . . . ) will be called a sequence of
numbers if and only if 7, r,, . . . are nonnegative numbers, all of which are
zero except a finite number. When R is a sequence of numbers we put
n(R) =22r(p' - DI(R) = Zr,.

In [8, p. 162], Milnor defined an element P® € A’ for each sequence of
numbers R and showed that { PR} is a basis for A’. Note that P’ and PR are
different things. The reader should be cautioned that when p =2, P® is
what Milnor denotes Sq?®, where 2R = (2r,, 2r,, . . .) (see also [9, p. 507]).

Next we construct some elements of £,(X; B) where B = BU or BSO. All
manifolds will be assumed oriented. If Y is a space Y™ will be the m-fold
cartesian product and if Y is a manifold [Y] will be the generator of the top
cohomology.

For each sequence of numbers R = (r|, 7y, ...) let My = ((CcP?Yy: x
( Sl)k-Zl(R))_

Note. dim My = k + n(R). Let uz € H*(My) be the tensor product of the
ring generators of each factor. We quote from [3, p. 359]

LeMMA 3.2. If n(R") > n(R)

PRup =0 ifR# R/,
=[M;] ifR=R".

DEFINITION 3.3. A sequence of sequences L = (R, R,, ..., R,) is a finite
sequence of sequences of numbers, decreasing in the lexicographic order,
such that no sequence of numbers appears more than (p — 1) times.

We define M, = [IMg, u; = Zug I xisa cohomology class,

Plx = PRixpRax . . . PRux,
The next lemma is the main technical result before the proof of Theorem
3.10.
LEMMA 3.4. If dim(PXu;) > dim(PLu,),
Py, =0 ifL'# L,
#0 ifL' = L.

The above result plays in this paper the same role that Lemma 3.2 plays in
[3]. We will split its proof to four sublemmas.
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LemMA 35. If L=(R,,...,R,) and Ry =R, =++-= R, then Ptu, =
+ ml[M,].

PrOOF. By Lemma 3.2 and Definition 3.3, PLy, = RIMR)™ = = TI[Mg]
=+ m![M,]

LEmMMA 3.6. IfL = (Rl’ cee ,Rm), L = (Rl’ e e ’Rl)’ I >m and Rl = Rz
= ... =R, then Py, = 0.

PROOF. PXu, = (7 [M]) = 0.

i=1
LEMMA 3.7. Let L = (R, Ry, ..., R,) and let g(1), 8(2),...,8(m) be a
finite sequence from the numbers 1,2, ..., m, then if IIP R'ukm % 0 then

dim PRu,;y = dim Mg, fori=12,...,m.
ProoF. Since dim(IT PRug ) = dim M, = Zdim My, the proof is obvious.
Lemma 3.8. PLu, # 0.

Proor. Pty = II,(Z;PRug), combining Lemmas 3.2, 3.5, 3.7, the result
follows easily.

ProOF OF LEMMA 3.4. The case L = L’ has already been settled in Lemma
3.8. We can dispose very easily of the case where (dim P%u,) > dim PXy;. So
let us suppose that dim P‘w, = dim Py, and L' = L. Let L =
(Ry...,R)and L' = (R;,..., R)), then

l m
(3.9) Py, = I] ( > P&'u&).

i=1\j=1

If PLu; % 0 by Lemma 3.7 we must have / = m, furthermore by Lemma 3.2
L and L’ should include the same sequences of numbers, but since L' % L, L’
must include one sequence of numbers more times than the same sequence
appears in L, and by Lemma 3.6, PLu, = 0.

The definition of Mg, ug, M;, u, depends on k, we could give the same
definition with n — k — g instead and call the corresponding objects
Mg, ug, M;, u;, and the analogous results of Lemmas 3.2, 34, 3.5, 3.6, 3.7,
3.8 are equally valid. Now we have in our hands all the technical tools to
translate all the results of [3] in our situation.

Let #'(m) be the set of partitions of m containing no integer of the form
(p' - 1)/2. Let S, be the corresponding element (see [9, p. 515]). Milnor [9]
has proved the equivalent of the following:

THEOREM 3.9'. If p is odd, H*(BSO) is a free right A’ module, and
{S,lw € 7'(m), m > 0} is a basis. Furthermore for each w € w'(m) there is an
oriented 4m manifold N, such that, if w, &' € «'(m),
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vI'V.(Sw’)(Nw)=0 if“’,#w’
#0 ifw =,

where vy is the map which classifies the stable normal bundle of N,.

Just for the next theorem we assume that k, n — k — g are even numbers.

THEOREM 3.10. If p is odd, {0(S, ® ,PXc, ® PYc,_,_)): w € 7'(m), m >
OL=(R,Ry...,)  L'=(R,Rs...,) I(R)SKZ,I(R)< (n—k—
q)|2}), where 8 is the homomorphism described in diagram (1.2), forms a linearly
independent set in Q(X; BSO)*.

Proor. Let L, L’ be sequences of sequences (see Definition 3.3) and
w € 7’'(m), then define a(w, L, L') = {N, X M, X My, p(u, X u;))} where
p: N, X M; X Mj.— M, X Mj, is the projection and u; X u;.: M, X M,
— K(Z,, k) X K(Z,,n — k — g). And then the proof goes as Theorem 3.3 of
[3]

REMARK. An analogous result holds for the cases that k or n — k — q are
odd numbers. Specifically if let us say k is odd then L = (R, R,, ..., R,)
ranges over all sequences of sequences such that the R, R,, ..., R, are
distinct, and the theorem holds.

DEFINITION 3.11. Let A” be the two sided ideal if 4 generated by 6§ and X ”
be the two sided ideal in H*(X) generated by acy, ac,_,_, fora € A”. Let X’
be the subalgebra of H*(X) generated by the elements acy, ac,_,_,, a € 4".
Clearly as Z, modules 4 = A" ® 4", H*(X) = X" & X".

LEMMA. Let I, I, be the inclusions X' C H*(X) and X" C H*(X) respec-
tively, and p an odd prime. Then suppose that x € image(l, ® ,I,) and
y € image(Il, ® ,I,.) and that  (x + y) = 0 then 6(x) = 8(y) = 0.

ProOF. Obviously 8 (y)(a(w, L, L)) = 0 (see proof of Theorem 3.10) so
0 (x)(a(w, L, L)) = 0 and so by Theorem 3.10 8 (x) = O and so 8(y) = 0.

Proor oF THEOREM 0.8, FOR B = BSO, P opD PRIME. (a) We argue as in
the case B = BO. If x € I3(BSO, S, p, k) then there is y € im(i* ® ;1) so
that §(I(x) —y) =0 (see diagram (1.2)) but y =y’ + y” where y' €
im(* ®, I) and y” € im(i* ® 4Ix~) so 8(/(x) — y' — y”) = 0 and by the
previous lemma this means that §(/(x) — y') =0, and by Theorem 3.10
I(x) — y’ = 0 which means x € alg I7(BSO, S, p, k).

(b) Let x € I7(BSO, @, p, k), this means that 6/(x) =0, which by
Theorem 3.10 means /(x) = 0. But by Theorem 3.9, x = Sc, " (S,)P®
where ¢,z € Z,. Recall (see Lemma 2.1, and from [3, Theorem 2.4]) that
PR(c, ® ¢,_4-,) = Oif and only if /(R) > (n — ¢)|2. Therefore
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0= 0/(x)
=0(x®,6®¢, )

= 2 cw,Ro[sw ®APR (ck ® Cn—k—q)]

= 2 cw,Ro[sw ®APR (Ck ® cn—k—q)]
I(R)<(n—q)/2

but by Theorem 3.10 {[S, ®,PR(c, ® Ca—k-I}: {(R) < (n — q)/2 are
linearly independent. Hence c,, = 0 for I/(R) < (n — ¢)/2, but by Lemma
4.1 of [3] this means that x € I7(BSO,3, p, 0), which completes the proof.

The proof of Theorem 0.8 for the case B = BU follows exactly the same
pattern. There is an analogue for Theorem 3.9 due to Milnor (see [9, p. 516]),
and every subsequent theorem could be easily duplicated. I am sure that the
reader who survived up to this point can provide the details.
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